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Module II



Last week



This week



Constraint-based synthesis



Why is this hard?



Loop unrolling is unsound and incomplete



Loop unrolling is unsound and incomplete



Loop unrolling is unsound and incomplete



Constraint-based synthesis



Solution





Hoare triples



Meaning of Triples





Logical Variables



Inference system

• Similar to the Logical System in PL and FOL. 
• Called as the Hoare Logic



Semantics of skip



Semantics of assignment
x > 1



Semantics of Assignment



Floyd’s version



Flyod’s version

We do not want to have quantifiers in the reasoning path!



Hoare’s backward semantics of assignment



Hoare’s backward semantics

Read as If Q holds in the post-condition then …



Semantics of composition



Example: swap





Try out example





Consequence rule



Consequence rule



Consequence rule







Hoare Logic 
Continued… 
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Component-based 
synthesis using Hoare Logic
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Component-based 
synthesis (CBS)

56

sort: list 

reverse: list -> list 

take: list -> int ->  list 

sum: list 

best_ksum: (l : list) -> (k : int ) -> int

49 62 82 54 76
k=2

158

query

best_ksum l k = sum ( take ( reverse (sort l ) )  k )

library 

i/o examples



CBS: with effectful 
components

57

f: list ref -> int -> list ref  

g: list ref -> 

library 

A sound synthesizer must take changing  
heap state and library protocol into account

goal: (l : list ref) -> (s : int ) -> int

query to a CBS

the required heap state for 
the g function is violated 

a blowup in the space of 
programs

Φ′ 

non empty listΨ

heap

Φ

Ψ′ 



A query over a mutable Table

type pair = Pair of float ∗ int 
type table = [string] ref 

add_tbl : adds a string in the table if not already 
present.  

mem_tbl : checks if a string is in the table 

fresh_str : returns a fresh string not in the table. 

size_tbl : gives the size of the tbl  

average_len_tbl : gives a float value equall to 
the average length of the strings in the table

add_and_incr : (tbl : table ∗ s : string)→ 
pair 

(*requires*) 
{true} 

(*ensures*) 
{ mem (Tbl', s) ∧  
size (Tbl') = size (Tbl) + 1};

Library Query

add_and_incr (tbl : table ∗ s :string) = 
??
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no constraints on the initial 
table

returns a pair type

updates the table to include s 
and increment size by 1

Maintains a Uniqueness 
Invariant

Tbl, Tbl’ : [string]



Effect agnostic CBS on query
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add_and_incr (tbl : table ∗ s : string) = 
    _ ← add_tbl (tbl, s); 
    x1 ← average_len_tbl (tbl); 
    y1 ← size_tbl (tbl); 
    return Pair (x1, y1)

add_and_incr : (tbl : table ∗ s : 
string)→ 
(*requires*) 
{true} 
v : pair 
(*ensures*) 
{ mem (Tbl', s) ∧  
size (Tbl') = size (Tbl) + 1};

add_and_incr (tbl : table ∗ s : string) = 
  b1 ← mem (s); 
  if (b1) then  
    s1 ← fresh_str (tbl); 
    _ ← add_tbl(tbl, s1); 
    x1 ← average_len_tbl (tbl); 
    y1 ← size_tbl (tbl); 
    return Pair (x1, y1) 
else  
   _ ← add_tbl (tbl, s); 
   x1 ← average_len_tbl (tbl); 
   y1 ← size_tbl (tbl); 
   return Pair (x1, y1)

violates uniqueness property of 
add_tbl

Cobalt solution

splits control flow 

creates a fresh string if 
s already in tbl

What if s is already in tbl?



Ψ = x : τ → {P}ν : t{Q}
Spec:

e
e : Ψ✓

Σ

Cobalt

Forward CDCL 

Library Specification 

e : Ψ ×

⟨H, e, Ψ′ ⟩

e′ : Ψ′ ✓
e′ ; e

{p1, p2, . . . , pn}
failed paths 

Overview: Cobalt

Backward 



i…

 Backward synthesis
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𝖲𝗉𝖾𝖼 Ψ = x : τ → {P}ν : t{Q}

{Q}

f
{WP( f, Q)}

g
{WP(g, WP( f, Q))}

P ⟹ {WP(g, WP( f, Q))}

solution:  i; g; f  

Pref ⟹ Postf ⟹ Q

Preg ⟹ Postg ⟹ WP( f, Q)

✓



h

{Q}

{WP(h, Q)}

 Backward synthesis
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𝖲𝗉𝖾𝖼 Ψ = x : τ → {P}ν : t{Q}

×

j

{Q}

{WP( j, Q)}

×
Ψ′ = x : τ → {P}ν : _{WP(g, WP( j, Q))}

g

{WP(g, WP( j, Q))}

i…

{Q}

f
{WP( f, Q)}

g
{WP(g, WP( f, Q))}

P ⟹ {WP(g, WP( f, Q))}

solution:  i; g; f  

Pref ⟹ Postf ⟹ Q

Preg ⟹ Postg ⟹ WP( f, Q)

✓
Handover to forward 

synthesis



Forward synthesis
Ψ = x : τ → {P}ν : t{Q}
Spec:

e
e : Ψ✓

Σ

Cobalt

Library Specification e′ : Ψ′ ✓
e′ ; e

{p1, p2, . . . , pn}
failed paths 

Backward 

Forward CDCL 

e : Ψ ×

⟨H, e, Ψ′ ⟩



 finite-depth Forward 
synthesis
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𝖲𝗉𝖾𝖼 Ψ = x : τ → {P}ν : t{Q}

f {SP(P, f )}ν : t{Q}

…
{SP(SP(P, f ), g, …)} ⟹ {Q}

g {SP(SP(P, f ), g)}ν : t{Q}

h {SP(SP(P, f ), g, h)}ν : t{Q}

solution:  f; g; h…  

{P} ⟹ Pref

{SP(P, f )} ⟹ Preg

✓



{SP(P, f )} ⟹ Preg

…
{SP(SP(P, f ), g, …)} ⟹ {Q}

g {SP(SP(P, f ), g)}ν : t{Q}

h {SP(SP(P, f ), g, h)}ν : t{Q}

solution:  f; g; h…  

✓

 finite-depth forward 
synthesis
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𝖲𝗉𝖾𝖼 Ψ = x : τ → {P}ν : t{Q}

j

i{SP(SP(P, f ), i)}ν : t{Q}

{SP(SP(SP(P, f ), i) . j)}ν : t{Q}

×
j

i

× Avoid similar failing 
explorations

f {SP(P, f )}ν : t{Q}

{P} ⟹ Pref

exhausted functions or 
max depth reached 



CDCL search
Ψ = x : τ → {P}ν : t{Q}
Spec:

e
e : Ψ✓

Σ

Cobalt

Library Specification e′ : Ψ′ ✓
e′ ; e

{p1, p2, . . . , pn}
failed paths 

Backward 

Forward CDCL 

e : Ψ ×

⟨H, e, Ψ′ ⟩



Revisiting the query
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add_and_incr (tbl : table ∗ s :string) = 
  b1 ← mem (s); 
  if (b1) then  
  

else  
      ?? :  …

?? : {(𝗆𝖾𝗆(𝖳𝖻𝗅, 𝗌)}
𝗏 : 𝗉𝖺𝗂𝗋

{𝗆𝖾𝗆(𝖳𝖻𝗅′ , 𝗌)
∧ 𝗌𝗂𝗓𝖾(𝖳𝖻𝗅′ ) =
𝗌𝗂𝗓𝖾(𝖳𝖻𝗅) + 𝟣}

add_and_incr : (tbl : table ∗ s : 
string)→ 
(*requires*) 
{true} 
v : pair 
(*ensures*) 
{ mem (Tbl', s) ∧  
size (Tbl') = size (Tbl) + 1};

Query

subquery for when s is in 
the table



finite-depth CDCL search 
                                     k=5

F0

[𝗌 : 𝗌𝗍𝗋𝗂𝗇𝗀;
𝗍𝖻𝗅 : 𝗍𝖺𝖻𝗅𝖾], (𝗆𝖾𝗆(𝗍𝖻𝗅, 𝗌)) ⊢

{P}H{Q}

l <- add_tbl(tbl, s)

F4 F5 F6

F7 clear_tbl(tbl)

s1 <- fresh_str() max path length k = 5

F9 clear_tbl(tbl)

truncated

k-stuck-node
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𝗅𝖾𝖺𝗋𝗇 Dk
F7 = < Sp, Tp >

F7 SP(P, F0—F7) Prefresh_str F9 Sp=> SP(P, F0—F9)

F10-1 SP(P,… F10-1) Preadd_tbl

k-stuck-node

truncated

s2 <- fresh_str()F10-1

F11-1 add_tbl (…)

s3 <- fresh_str()

F11-2

F10-2

add_tbl (…)

F5 SP(P, …F10-2) => Tp

{ Sp

{Tp

k-stuck-nodeAvoid exploring F9 
by learning from F7

F9 and F7 are k-equivalent modulo 
stuckness

For every non-truncated 
path under F9 there is 

an equivalent non-
truncated path under F7

For every progressing 
truncated path under 

F9, there exists a 
smaller path under F5



• The synthesis algorithm is sound and complete.

Synthesis guarantees
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Theorem (Soundness): For a given             , If Cobalt synthesizes a term 
e then 


(Γ, Σ, Ψ)
Γ ⊢ e : Ψ

Theorem (Completeness): For all k, for a given             , If Cobalt 

fails to find a solution then there exists no e of size (e) <= k, such that


(Γ, Σ, Ψ)

Γ ⊢ e : Ψ

Type Environment, Library and 
Specification


