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Recap

• Representation-Based Search 

 
• Compact representation of the search space: 

• And/Or Graphs  
• Version Spaces and Algebra :  

• Join and Union Nodes  
• FlashFill



VSAs Again

3



Version Space Formulation

• Hypothesis space H 
• Space of possible functions  

• Version Space 
•  is the original hypothesis space
•  is a set of examples 

•

• Hypothesis space provides restriction bias 
• Defines what functions one is allowed to consider 
• Preference bias needs to be provided independently

𝐼𝑛 → 𝑂𝑢𝑡

𝑉𝑆𝐻,𝐷 ⊆ 𝐻
𝐻
𝐷 𝑖𝑗, 𝑜𝑗

h ∈ 𝑉𝑆𝐻,𝐷 ⇔ ∀ 𝑖, 𝑜 ∈ 𝐷  h(𝑖) = o 
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Partial Orders

• Set P 
• Partial order ≤ such that ∀x,y,z∈P 
• x ≤ x      (reflexive) 
• x ≤ y and y ≤ x implies x = y   (asymmetric) 
• x ≤ y and y ≤ z implies x ≤ z  (transitive) 

• Can use partial order to define 
• Upper and lower bounds 
• Least upper bound 
• Greatest lower bound



Upper Bounds

• If S ⊆ P then 
• x∈P is an upper bound of S if ∀y∈S. y ≤ x 
• x∈P is the least upper bound of S if 
• x is an upper bound of S, and  
• x ≤ y for all upper bounds y of S 

• ∨ - join, least upper bound, lub, supremum, sup 
• ∨ S is the least upper bound of S 
• x ∨ y is the least upper bound of {x,y} 

• Often written as  as well⊔



Lower Bounds

• If S ⊆ P then 
– x∈P is a lower bound of S if ∀y∈S. x ≤ y 
– x∈P is the greatest lower bound of S if 
• x is a lower bound of S, and  
• y ≤ x for all lower bounds y of S 

–∧ - meet, greatest lower bound, glb, infimum, inf 
• ∧ S is the greatest lower bound of S 
• x ∧ y is the greatest lower bound of {x,y} 

• Often written as  as well⊓
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Lattices

• If x ∧ y and x ∨ y exist for all x,y∈P 
• then P is a lattice 

• If ∧S and ∨S exist for all S ⊆ P 
•  then P is a complete lattice 

• All finite lattices are complete 
• Example of a lattice that is not complete 
• Integers I 
• For any x, y∈I, x ∨ y = max(x,y), x ∧ y = min(x,y) 
• But ∨ I and ∧ I do not exist 
• I ∪ {+∞,−∞ } is a complete lattice



Partial Ordering of hypothesis

• Partial order 
•  is “better” than 

• Ex: For boolean hypothesis 
• “better” == more general 
•

• For booleans, VS forms a lattice 
•

h1 ⊑ h2

h2 h1

h1 ⊑ h2 ⇔ (h1 ⇒ h2)

h1, h2 ∈ 𝑉𝑆 ⇒ h1 ⊓ h2 = h1 ∧ h2 ∈ 𝑉𝑆 Most specific hypothesis that  
satisfies the observations



Boundary set representable

• You can represent a VS by the pair (G,S) where  
• G is most general hypothesis (i.e. ) 
• S is the most specific (i.e. ) 

• Applies in general when hypothesis space is partially ordered and 
version space is a lattice

⊤

⊥



Example: FindSuffix(T)

•  move to the position right before the next occurrence of .𝐹𝑆𝑇 : 𝑇

We shall go on to the end. We |shall fight in France, we |shall fight on 
the seas and oceans, we shall fight with growing confidence and 
growing strength in the air,…

𝐹𝑆"𝑠h𝑎𝑙𝑙"

𝐹𝑆"𝑠h𝑎𝑙𝑙 𝑓𝑖𝑔h𝑡"

𝐹𝑆"𝑠h𝑎𝑙𝑙 𝑓𝑖𝑔h𝑡 𝑜𝑛 𝑡h𝑒 𝑠𝑒𝑎𝑠 𝑎𝑛𝑑 𝑜𝑐𝑒𝑎𝑛𝑠, 𝑤𝑒 𝑠h𝑎𝑙𝑙 𝑓𝑖𝑔h𝑡…"

𝐹𝑆"𝑠"

𝐹𝑆"𝑠h𝑎"

𝐹𝑆""

𝐹𝑆"𝑠h𝑎𝑙𝑙 𝑓𝑖𝑔h𝑡 𝑜𝑛"
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Is this a lattice?



VSs for the two movements

• The set of functions consistent with moving the cursor from position 1 to position 2 is 
concisely represented by the range 

•  
• The set of functions consistent with moving the cursor from position 2 to position 3 is 

concisely represented by the range 

•  

• The set of functions for both the movements: 

•  

•



Idea

• If your hypothesis space is partially ordered and your VS are 
boundary set representable, you can represent and search very 
efficiently 

• If they are not? 

• Break them down into simpler hypothesis spaces! 



Union

• 𝑉𝑆𝐻1𝐷 ∪ 𝑉𝑆𝐻2𝐷 = 𝑉𝑆𝐻1∪𝐻2 𝐷

And Join 



Representation-based search



Finite Tree Automata



VSA vs FTA



FTA Formally 

Example:

Accepts those propositional Logic Formulas which evaluate to false

A term t is accepted by an FTA if we can rewrite t to some state q ∈ Qf using rules in ∆.



FTA-based search



FTA-based search



Example



PBE with Finite Tree Automata

qc
s

+(q1
N, q2

T) → q3
N



PBE with Finite Tree Automata

Q : Set of concrete values 
Transitions : Using Concrete semantics.

Circles for N



Discussion



FTA-based search



Abstract FTA



Abstract FTA

These Predicates are 
the abstractions





Representation-based search



VSA vs FTA vs E-Graphs



Program search with e-graphs



Equality saturation



Equality saturation



Equality saturation



Equality saturation



Equality saturation



Equality saturation



Equality saturation



Equality saturation



Equality saturation



Equality saturation



Representation-based search



Projects

46



Project Goal

• Deeper understanding of the ideas discussed in the class and in the reading 
assignments. 
• by (re)-implementing some of the papers main algorithm. 
• Extending the behavioral, structural or the search strategy in some of these works. 
• Applying synthesis to some novel domain: e.g. robotics, compilers, networks, 

databases, logic, hardware designs, etc. 
• List of projects is provided on the course page. 
• Surely, welcome to propose your own idea.



Evaluations and Milestones.

• M1: Discussion about your idea with me, what papers is your idea based on, what do you plan to do. 
• It will allow us to gauge the proposal in terms of if it is doable in the given time. 
• I can suggest some related papers and open-source implementations. 
• We can revise the problem, making it more palpable for the class project. 

• M2: Formal 1-2 page proposal, this should include: 
•  a concrete example, showing input and output for the synthesizer and how does the Algorithm roughly works on 

the input. 

• E1 : Execution of the Idea! 
• M3 : Final  

• Presentation and  
• Report (3-8 pages) in PACML PL format.

}
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